Abstract. We prove that the Chow motive with integral coefficient of a geometrically rational surfaces S over a perfect field k is zero dimensional if and only if the Picard group ofk × k S, wherek is an algebraic closure of k, is a direct summand of a Gal(k/k)-permutation module, and S possesses a zero cycle of degree one. As shown by Colliot-Thélène in a letter to the author (which we have reproduced in the appendix) this is in turn equivalent to S having a zero cycle of degree 1 and CH 0 (k(S) × k S) being torsion free.
Introduction
Let k be a perfect field with algebraic closurek, and S a geometrically rational ksurface. Set S :=k × k S. The Picard group PicS is then a free Z-module of finite rank and also a discrete G k := Gal(k/k)-module. It is called a G k -permutation module if it has a Z-basis which is permuted by the action of G k , and G k -invertible if it is a direct summand of a G k -permutation module.
The aim of this short note is to prove the following result.
Theorem A. Let S be a geometrically rational k-surface. Then the motive of S in the category of effective Chow motives Chow(k) with integral coefficients is 0-dimensional if and only if PicS is an invertible G k -module and S has a 0-cycle of degree 1.
Recall that a motive M in Chow(k) is called 0-dimensional if it is a direct summand of a finite direct sum of Tate twists of motives of k-étale algebras.
Our proof of this theorem is constructive, and can be used to get motivic decompositions of motives of such surfaces. We illustrate this in the (rather easy) case of Del-Pezzo surfaces of degree 5. As another byproduct of our proof we get the (well known?) fact that a motive in the category of Chow motives with rational coefficients is zero dimensional if and only if it is geometrically split.
Being a 0-dimensional motive is stable under field extensions, and so if S is a geometrically rational surface whose motive is 0-dimensional in Chow(k) then the abelian group CH 0 (l × k S) is torsion free for all field extensions l ⊇ k. ColliotThélène has shown in a letter [5] to the author, which we have reproduced in the Appendix, that if S is a geometrically rational surface with 0-cycle of degree 1 and no torsion in CH 0 (k(S)× k S), where k(S) denotes the function field of S, then PicS 1. Preliminaries and notations 1.1. Notations and conventions. Throughout this work k denotes a perfect field with algebraic (and so also separable) closurek. We denote the absolute Galois group of the field k by G k . If M is a continuous G k -module we denote by H i (k, M ), or by H i (G k , M ), the Galois cohomology of M .
If l/k is a field extension and X a k-scheme we set X l := l × k X, andX := Xk. Similarly we set A l := l ⊗ k A andĀ := Ak if A is a commutative k-algebra.
If X is an integral k-scheme we denote the function field by k(X).
Chow groups.
Let K be a field and X a K-scheme of finite type. We denote by CH i (X) the Chow group of dimension i-cycles modulo rational equivalence as defined in Fulton's book [11] . We denote the class of an i-dimensional subvariety Z in CH i (X) by [Z] .
If R is a commutative ring (with unit 1) we set CH i (X) R := R ⊗ Z CH i (X), i.e. CH i (X) R is the Chow group of dimension i-cycles with coefficients in R. In case X = Spec A is an affine scheme we also use the notation CH i (A) R instead of CH i (X) R .
For later use we state the following well known lemma, which e.g. follows from Karpenko and Merkurjev [14, Cor. RC.12] .
Lemma. Let K be an arbitrary field, and X and Y smooth and projective Kschemes which are K-birational to each other. Then deg : CH 0 (X) −→ Z is an isomorphisms if and only if deg : CH 0 (Y ) −→ Z is an isomorphism.
1.3.
A commutative diagram. Let X be a k-scheme and τ ∈ G k . Then τ induces a morphism of schemesτ : Speck −→ Speck. which in turn induces by base change the automorphismτ × id X ofX = Speck × k X. The pull-backs of these morphisms define then the action of G k on CH i (X) R by the rule τ.α :
Assume now that X is geometrically integral and smooth over k. Let k ⊆ l ⊆k be a finite field extension of k. We identify the absolute Galois group G l of l with a closed subgroup of G k , and denote by Γ the set of all k-embeddings l −→k. Every γ ∈ Γ induces a morphism of k-schemesγ :X −→k × k X l =k × k l × k X, and
is G k -linear for the following (by this isomorphism induced) G k -action on the direct sum
Let ρ γ ∈ G k be an extension of γ ∈ Γ tok. We have then a commutative diagram
where the bottom arrow maps α ∈ CH i (X)
Note that this map does not depend on the choice of the extensions ρ γ . As indicated in the diagram the bottom arrow as well as the arrow on the right hand side are isomorphisms.
Chow motives.
Let X, Y be smooth and projective k-schemes. A correspondence of degree 0 with coefficients in R from X to Y is an element α of
. . , X r are the irreducible components of X.
We indicate this by α : X ⊢ Y . The composition of two correspondences is denoted by β • α.
Smooth projective varieties with correspondences of degree 0 (with coefficients in R) as morphisms and disjoint unions as direct sums are an additive category, the category of correspondences of degree 0 with R as coefficient ring. The idempotent completion of this category is the category of (effective) Chow motives over k with coefficient ring R. We denote this category Chow(k, R) or Chow(k) if R = Z. The objects of Chow(k, R) are pairs (X, π), where X is a smooth projective k-scheme and π : X ⊢ X is an idempotent correspondence of degree 0, i.e. π • π = π. By some abuse of notation we denote the motive of a smooth projective scheme X by the same letter X.
If M, N are motives, i.e. objects of Chow(k, R), we denote the group of morphisms between them by hom k (M, N ) R , respectively by hom k (M, N ) if R = Z. Similarly end k (M ) R and end k (M ) denote the endomorphism group of the motive M in Chow(k, R) and Chow(k), respectively.
If l/k is a field extension we denote the base change functor Chow(k, R) −→ Chow(l, R) by res l/k , and set M l := res l/k (M ) and α l := res l/k (α) for a motive M and a morphism α in Chow(k, R). If l =k is the algebraic closure we use then alsoM andᾱ for Mk and αk, respectively. 
is a perfect duality for all 0 ≤ i ≤ dim X. In particular, there are bases u 
and the product of cycles induces an isomorphism
Example. Let S be a geometrically rational k-surface, i.e. a smooth projective geometrically integral k-scheme of dimension 2, such thatS =k × k S is rational. The motive of such a surface S is geometrically split in Chow(k) and so also in Chow(k, R) for all coefficient rings R, see e.g. [12, Thm. 2.6].
1.6. Motives ofétale algebras and permutation modules. We denote by RG k the group ring of G k over R.
A continuous RG k -module M is called an RG k -permutation module if M is a free and finitely generated R-module which has a basis which is permuted by the action of G k . If the coefficient ring is Z we call a ZG k -permutation module a G kpermutation module. A direct summand of a RG k -permutation module is called an
An example of a RG k -permutation module is CH 0 (Ē) R for E a k-étale algebra, and in fact every RG k -permutation module is isomorphic to CH 0 (Ē) R for some k-étale algebra E.
If α : Spec E ⊢ Spec F is a correspondence of degree 0 between the spectra of two k-étale algebras then
is a RG k -morphism. This defines a functor from the subcategory of Chow(k, R) generated byétale k-algebras into the category of RG k -permutation modules which is full and faithful, cf. [3, Sect. 7].
Note that if the motive of a smooth projective scheme X is 0-dimensional in
Example. The motive of a k-rational surface S is 0-dimensional in Chow(k, R) for every (commutative) coefficient ring R. In fact, since k is perfect there exists a smooth projective surface S ′ , and morphisms S ′ −→ S and S ′ −→ P . Therefore by the blow-up formula (cf. [15] or [11, Chap. 6] ) the motive of S is a direct summand of the motive of S ′ which in turn by the blow-up formula and the projective bundle theorem is isomorphic to
for some finite field extensions l i ⊇ k.
For later use we mention the following easy lemma.
Lemma. Let X be a smooth projective geometrically integral k-scheme whose mo-
In particular, if moreover R is torsion free and the motive of X in Chow(k, R) is geometrically split then the degree map is an isomorphism.
Proof. Since X is geometrically integral the field k is algebraically closed in its function field k(X), and therefore
is an isomorphism for all finite field extensions F, L of k. This implies since the motive of X in Chow(k, R) is a direct summand of motives of Tate twists of separable field extensions of k that the restriction map CH 0 (X) R −→ CH 0 (X k(X) ) R is an isomorphism. The first claim follows.
The last assertion is a consequence of the fact that the kernel of the degree map is torsion if the motive of X in Chow(k, R) is geometrically split.
Z-trivial varieties.
There is a closely related property of schemes. A geometrically integral k-scheme X is called Z-trivial if deg : CH 0 (X l ) −→ Z is an isomorphism for all field extensions l ⊇ k with X(l) = ∅, and strongly Z-trivial if deg : CH 0 (X l ) −→ Z is an isomorphism for all field extensions l ⊇ k.
Remark. The notion Z-trivial, or more general R-trivial for an arbitrary coefficient ring R, has been introduced by Karpenko and Merkurjev [14, Def. 2.3] .
As shown by Merkurjev [18, Thm. 2.11] a smooth projective k-scheme X which is geometrically integral is strongly Z-trivial if and only if the class of the generic point in CH 0 (X k(X) ) is defined over k, and this is in turn equivalent to the assertion that for any cycle module M * in the sense of Rost [19] 
Example. Let X be a geometrically rational smooth and projective k-scheme whose motive is 0-dimensional in Chow(k). Then by the lemma in 1.7 above the degree map CH 0 (X l ) −→ Z is an isomorphism for all l ⊇ k, i.e. X is strongly Z-trivial.
This property has the following consequence.
1.9. Lemma. Let X be a geometrically integral smooth and projective k-scheme, which is strongly Z-trivial.
Proof. The latter statement follows from the first by the Hochschild-Serre spectral sequence.
For the first assertion it is enough to show that the canonical map Br(k) −→ Br(k(X)) is injective. Since k is by assumption perfect there are no elements of exponent p = char k > 0 in Br(k) if k has positive characteristic p by a theorem of Albert [1, p. 109 ]. Hence it is enough to show that for n prime to char k the natural homomorphism
is injective, where µ n ⊆k × denotes the group of nth roots of unity. For such n the assignment l → H * (l, µ
) is a cycle module in the sense of Rost, see [19] , and so by the above mentioned result of Merkurjev [18, Thm. 2.11] 
2. Maps betweenétale algebras and smooth projective schemes in the category of Chow motives 2.1. Morphisms from motives of Tate twists ofétale algebras to motives of smooth projective schemes. We fix throughout this section a coefficient ring R. Let X be a smooth projective and geometrically integral k-scheme and E a k-étale algebra, i.e. E = l 1 × . . . × l d for some finite separable extensions l i ⊇ k. Let 0 ≤ i ≤ n := dim X be an integer. We have a homomorphism
Letk ⊇ l ⊇ k be an algebraic extension of k. The absolute Galois group G l of l can be identified with a closed subgroup of G k and so any RG k -homomorphism is also a RG l -homomorphism. The following diagram commutes:
Lemma. Let X and E = l 1 × . . . × l d be as above. Assume that the natural homomorphism
is an isomorphism for all t = 1, . . . , d, where
Proof. This is clear if k =k is an algebraically closed field. For the general case we can assume that E = l is a finite separable field extension of k. Using the commutative diagram (2) we see then that it is enough to show that the restriction map
is an isomorphism onto the G k -invariant elements in hom l (l,X) R . But this follows from the commutative diagram (1) in 1.3 and the assumption that resk /l :
R is an isomorphism.
2.2.
Morphisms from motives of smooth projective schemes to motives of Tate twists ofétale algebras. We continue with the notation of the last subsection.
We have a homomorphism
This homomorphism commutes also with base change, i.e. if l ⊇ k is a field extension then the diagram
commutes.
Lemma. Let E = l 1 × . . . × l d be as above. Assume that the motive of X in Chow(k, R) is geometrically split and that
is an isomorphism for the finite field extensionsk ⊃ l t ⊇ k with absolute Galois group
Proof. If k =k is algebraically closed this follows since the motive ofX is split and so (cf. 1.5)
is a perfect pairing. As in the proof of the lemma in 2.1 this implies the general case using now the commutative diagram (3) instead of (2).
2.3. Theorem. Let X be a smooth and projective k-scheme of dimension n, whose motive is geometrically split in Chow(k, R). Assume that there is an k-étale algebra E and correspondences of degree 0
with corresponding RG k -linear maps
Then we have f · g = id CH i (X)R if and only if
where u 1 , . . . , u m ∈ CH i (X) R and v 1 , . . . , v m ∈ CH n−i (X) R are dual basis with respect to the perfect pairing
Proof. We have ak-algebra isomorphismsĒ for some a sj , b jt ∈ R. Sinceᾱ •β is in the image of the injective homomorphism 
for all 1 ≤ s, t ≤ m, where δ st denotes the Kronecker delta.
On the other hand the cycles α j and β j correspond by 2.1 and 2.2 to maps We identify now CH i (X) R with Hom R (CH 0 (k) R , CH i (X) R ) naturally, and the group CH n−i (X) R with Hom R (CH i (X) R , CH i (k) R ) via the intersection product using that the motive ofX is split.
Hence since u 1 , . . . , u m is an R-basis of CH i (X) R the equation f · g = id CH i (X)R is equivalent to (4).
This has the following consequence. Corollary. Let X be a smooth and projective k-scheme of dimension n, whose motive is geometrically split in Chow(k, R). Assume there are k-étale algebras E 0 , . . . , E n and correspondences of degree 0
Then we haveᾱ •β = idX in Chow(k, R) if and only if f i · g i = id CHi(X)R for all i = 0, . . . , n.
Zero dimensional motives. Recall that a motive
(Spec E i )(i) for some k-étale algebras E i .
If the coefficient ring R has the property that all projective R-modules are free this implies that M is also geometrically split. Hence one implication of the corollary above can be formulated as follows:
Corollary. Let X be a smooth projective k-scheme whose motive in Chow(k, R) is zero dimensional. Assume that (i) the motive of X is geometrically split, or that (ii) every projective R-module is free. Then the RG k -module CH i (X) R invertible for all 0 ≤ i ≤ dim X.
2.5.
A splitting criterion. The converse of the corollary in 2.4 above seems to be only true under some further assumptions on X. Let for this X be a smooth and projective k-schemes whose motive is geometrically split in Chow(k, R). We assume further that (GC) Ifk ⊇ l ⊇ k is an algebraic field extension then the restriction homomorphism CH i (X l ) R −→ CH i (Xk) R is an isomorphism onto the G l -invariant elements of CH i (Xk) R for all 0 ≤ i ≤ n := dim X (where as above we identify G l with a subgroup of G k ), and (RN) Rost nilpotence is true for X in Chow(k, R), i.e. given a field extension l ⊇ k, and a correspondence α in end k (X) R , such that α l = 0 then α is nilpotent:
We choose for all 0 ≤ i ≤ n a surjective RG k -linear morphism P i fi − → CH i (X) R with P i a RG k -permutation module. We can assume, see 1.6 , that there is a ketale algebra E i , such that P i = CH 0 ((E i )k) R for all 0 ≤ i ≤ n. We have then the following result.
Theorem. If the morphisms f i are split, i.e. if there are RG k -linear maps g i :
the motive of the scheme X is a direct summand of n i=0
Spec(E i )(i) in the category

Chow(k, R).
Proof. By assumption (GC) the lemmas in 2.1 and 2.2 imply the existence of cycles 
is an isomorphism for all 0 ≤ i ≤ dim Y , where G l ⊆ G k denotes the absolute Galois group of l.
Since by Maschke's theorem every surjective G k -linear map between continuous and F -finite dimensional G k -modules splits we conclude from the corollary in 2.4 and the theorem in 2.5 the following (well known?) fact.
Corollary. Let F be a field of characteristic 0, and X a smooth and projective k-scheme. Then the motive of X in Chow(k, F ) is zero dimensional if and only if it is geometrically split.
3. Geometrically rational surfaces with zero dimensional Chow motive 3.1. Geometrically rational surfaces. Let S be a geometrically rational k-surface.
Recall that by [12, 13] Rost nilpotence is true for S in Chow(k).
Theorem. Let S be a geometrically rational k-surface. Then the motive of S in Chow(k) is zero dimensional if and only if PicS is an invertible G k -module and S has a zero cycle of degree 1.
Proof. One direction is a consequence of the corollary to Theorem 2.3 and the lemma in 1.7.
To prove the converse, we show first that if the motive of S is 0-dimensional then S is strongly Z-trivial. By Merkurjev [18, Thm. 2.11], see 1.8, it is enough to show that the class of the generic point in CH 0 (S k(S) ) is defined over k. Since S has by assumption a 0-cycle of degree one this follows if we show that CH 0 (S k(S) ) is torsion free.
Let T S be the k-torus with character group PicS, i.e. T S = Spec(k[PicS] G k ), and set K :=k(S). Since Sk (S) is rational we have by [2, Thm. 0.1] an exact sequence (identifying Gal(K/k(S)) = G k )
Since PicS is G k -invertible the torus T S is a direct factor of a quasi-trivial torus and thus by Hilbert's Theorem 90 we have
The group on the left hand side vanishes by the main result of Colliot-Thélène [4] . Hence A 0 (S k(S) ) = 0, and therefore S is strongly Z-trivial.
If there is such a split coflabby resolution (7) with C also a permutation module then (S, ρ) ⊕ (Spec F )(1) ≃ (Spec E) (1) in Chow(k), where E and F are a k-étale algebras, such that P ≃ CH 0 (Ē) and C ≃ CH 0 (F ) as G k -modules. We leave the details to the reader. 
is a root system of type A 4 . A set of simple roots is given by
b i ℓ i , the to the simple roots s i corresponding reflections σ i act on PicS as follows: The map σ i interchanges the coordinates b i and b i+1 and keeps the other coordinates for i = 1, 2, 3, and
As the action of the Galois group G k on PicS fixes ̟ S and preserves the intersection pairing this action factors through the above described action of the Weyl group W(A 4 ) of type A 4 , see [16, Thm. 23.9] .
Using these data we construct now a coflabby resolution for the G k -module PicS. Consider the elements h i := ℓ 0 − ℓ i ∈ PicS, i = 1, 2, 3, 4, and h 5 = 2ℓ 0 − ℓ 1 − ℓ 2 − ℓ 3 − ℓ 4 . Together with ̟ S these elements generate the abelian group PicS. The reflection σ i interchanges h i and h i+1 and leaves the other h j 's fixed for i = 1, 2, 3, 4. Let
Z · e i a free Z-module of rank 6. We let W(A 4 ) act on this module as follows: The simple reflection σ i interchanges e i and e i+1 and leaves the other e j 's and e fixed. Hence it is a W(A 4 )-permutation module, and therefore also a G k -permutation module. The map
which maps e i to h i and e to ̟ S = −3ℓ 0 + 4 i=1 ℓ i is surjective, and W(A 4 )-and so also G k -linear. Its kernel is generated by the W(A 4 )-and so also G k -invariant element x := (e 1 + e 2 + e 3 + e 4 + e 5 ) + 2e and so is isomorphic to the trivial G k -module Z. Hence the exact sequence
where ι maps 1 to x, is a coflabby resolution of the G k -module PicS. It is split, as for instance e → −2 and e i → 1 for i = 1, 2, 3, 4, 5 splits ι.
Since a Del Pezzo surface of degree 5 always has a rational point (in fact is rational) by a classical result of Enriques, see for instance Skorobogatov [20, Sect. 3 .1] for a "modern" proof, the considerations above imply the following computation of motives.
Theorem. Let S be a Del-Pezzo surface of degree 5 over k. Then we have an isomorphism
in Chow(k), where E is a k-étale algebra of degree 5.
Remarks.
(i) A small alteration of the construction above gives a coflabby resolution for the Picard group PicS where S is a Del Pezzo surface of degree 6 (we have essentially only to remove ℓ 4 ). (ii) The summand Z(1) on both sides of the isomorphism (9) does not cancel if PicS is not a G k -permutation module.
3.4.
Torsion in the group of zero cycles of a geometrically rational surface. Let S be a geometrically rational k-surface. If S is zero dimensional in Chow(k) then S is strongly Z-trivial, see the example in 1.8.
The following theorem of Colliot-Thélène [5] , see the Appendix, implies that the converse is also true.
Theorem (Colliot-Thélène). Let K be a field with separable closure K s and X a smooth projective and geometrically integral K-scheme with K-rational point, such that (i) Pic X Ks is a free and finitely generated Z-module, and
(Note that if K is a perfect field the assumption X(K) = ∅ can be replaced by X has a 0-cycle of degree 1 as under the assumption K is perfect the existence of such a cycle assures already that X possesses a universal torsor, see [9, (2. Let S be a geometrically rational k-surface with function field K = k(S), which is strongly Z-trivial. Then also S K is strongly Z-trivial and so by the theorem of Colliot-Thélène the G K -module Pic S Ks is invertible. But Gal(K s /k(S)) acts trivially on Pic S Ks since the restriction maps PicS −→ Pic Sk (S) −→ Pic S Ks are both isomorphisms. Identifying G k with Gal(k(S)/K) it follows that also the G k -module PicS is invertible. Therefore: 3.5. Theorem. Let S be a geometrically rational surface over k. Then the following statements are equivalent:
(i) The degree map CH 0 (S k(S) ) −→ Z is an isomorphism and S has a 0-cycle of degree 1.
(ii) The surface S is strongly Z-trivial.
(iii) The G k -module PicS is invertible and S has a 0-cycle of degree 1.
(iv) The motive of S in Chow(k) is zero dimensional.
3.6. Strong Z-triviality of T S -torsors over S. The following is a corollary of the arguments in the letter [5] by Colliot-Thélène.
Let S be a geometrically rational surface over k, whose motive in Chow(k) is 0-dimensional, and T S the torus with character group PicS.
Let Y be a T S -torsor over S, and Y c and (T S ) c smooth compactifications of Y and T S , respectively. Such compactifications exists, see Colliot-Thélène, Harari, and Skorobogatov [6] , and Colliot-Thélène and Sansuc [9, Rem. 2.1.4]. We aim to show that under the assumption that the Chow motive of S is 0-dimensional the k-scheme Y c is strongly Z-trivial, i.e.
For this we observe first that since the motive of S is 0-dimensional in Chow(k) it is a direct summand of Z ⊕ (Spec E)(1) ⊕ Z(2) for some k-étale algebra E, see 3.2. Hence S K is a direct summand of Z ⊕ (Spec E K )(1) ⊕ Z(2) in Chow(K) and so it is also 0-dimensional for all fields K ⊇ k.
By Theorem 3.5 above we know that then PicS is an invertible G k -module and therefore T S is a direct summand of a quasi trivial torus, which in turn by Hilbert 90 implies that H 1 (K, T S K ) = 0 for all K ⊇ k. Hence every T S -torsor over a field extensions of k is trivial and so in particular 
Hence it is enough to show that the degree map
Let K be such an extension with separable closure K s and absolute Galois group
Ks , which is an isomorphism by Colliot-Thélène and Sansuc [7, Lem. 11] since S Ks is rational as shown by Coombes [10] . Therefore Pic(T S ) 3.7. Corollary. Let S be a geometrically rational k-surface. Denote by T S the k-torus with character group PicS. Then the following is equivalent:
(ii) Every compactification of every T S -torsor over S is strongly Z-trivial.
Proof. We are left to show (ii) =⇒ (i). Assuming (ii) the scheme S × k (T S ) c is strongly Z-trivial, where (T S ) c is a compactification of T S , and so the degree map
is an isomorphism for all field extensions K ⊇ k. Since this degree map factors through deg : CH 0 (S K ) −→ Z also the latter is surjective. On the other hand T S K and so also (T S ) c K has a K-rational point and therefore CH 0 (S K ) is a direct summand of CH 0 (S × k (T S ) c ) K and consequently torsion free. It follows that deg : CH 0 (S K ) −→ Z is an isomorphism as the kernel of this map is the torsion subgroup of CH 0 (S K ) since S is geometrically rational. Hence S is strongly Z-trivial and so the motive of S in Chow(k) is 0-dimensional by Theorem 3.5 above. We are done.
Remark. The assertion of [7, Prop. 6] we use assumes that the base field has characteristic 0 to assure the existence of a smooth compactification for every torus over this field. Only later it has been shown by Brylinski and Künnemann that such compactifications exist also in positive characteristic, cf. [6] . Lemma. Seien V und W zwei glatte vollständige geometrisch irreduzible Varietäten die F -birational zueinander sind. Dann gibt es Permutationsmodule P 1 und P 2 , und einen Isomorphismus von Galoismodulen P 1 ⊕ Pic(V Fs ) ≃ P 2 ⊕ Pic(W Fs ) .
Wenn man alles zusammenfasst, erhält man einen Isomorphismus von Galoismodulen P 1 ⊕ P 0 ≃ P 2 ⊕ Pic(X Fs ) ⊕ Pic(T c Fs ) , also ist Pic(X Fs ) invertierbar.
Was zu beweisen war.
Bemerkungen. Wegen der bekannten Struktur der Picard Gruppe folgt, daß die Picard Varietät von X null ist, und daß die Néron-Severi Gruppe torsionsfrei ist, also ist Pic(X × F F s ) ein Gitter.
Wenigstens wenn
2. Es ist nicht klar, ob die Arbeit von Merkurjev [18] einen alternativen Beweis des Satzes geben könnte. Aus dieser Arbeit kann man wenigstens folgern, daß Pic(X × F F s ) co-welk ist.
